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Interpolation on Sparse Grids and Tensor Products of
Nikol’skij-Besov Spaces’

Winfried Sickel® and Frauke Sprengel®

We investigate the order of convergence of periodic interpolation on sparse grids
(blending interpolation) in the framework of tensor products of Nikol’skij~Besov
spaces. To this end, we make use of the uniformity of the considered tensor
norms and provide a unified approach to error estimates for the interpolation of
univariate periodic functions from Nikol’skij~Besov spaces.

KEY WORDS: Periodic interpolation; sparse grids; Nikol’skij-Besov spaces;
spaces of dominating mixed smoothness.

1. INTRODUCTION

In this paper, we deal with the error of approximation of periodic functions
obtained by interpolation on sparse grids. The method itself is well known,
see Baszenski and Delvos [3], Delvos and Schempp [6], PSplau and Sprengel
[18] and Sprengel {25,26]. What is new here is the choice of the underlying
function spaces. Baszenski and Delvos [3}, Delvos and Schempp [6], Poplau
and Sprengel [18] dealt with tensor products of spaces defined by certain
decay properties of the Fourier coefficients (Korobov spaces or potential
spaces built on L,, respectively). Based on [24], we are able to investigate
the problem in more appropriate spaces, namely, on Nikol’skij-Besov
spaces and its tensor products.

Interpolation on sparse grids can be reduced to error estimates of corre-
sponding interpolation processes in the one-dimensional situation. As a
result, we obtain estimates like

/= BfIL(T?)| s G2, m
where B, denotes the interpolation operator with respect to the sparse grid
(having j2/ knots approximately). Comparing this with interpolation on the
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full grid (having 2¥ knots approximately), we would end with an estimate

IF-LA\L(TH)| s €27, )

Thus, except for a logarithmic term, the error is of the same order. The
price we have to pay consists in the following: whereas (2) is true for all
functions taken from the Nikol’skij-Besov space Bj(T?) inequality (1)
holds true for the functions with dominating mixed smoothness properties
from B; o (T)®.,B;.0(T) (the tensor product with respect to the p-nuclear
norm). These classes of functions are close to the usual Besov spaces of
dominating mixed smoothness, cf. Subsection 2.2.

We restrict ourselves to the bivariate situation mostly for transparency.
In addition, all can be done in the higher dimensional situation.

Investigations of approximation procedures in spaces of dominating
mixed smoothness attracted much attention—see the monograph of Tem-
lyakov [27] or the recent papers by DeVore, Petrushev, and Temlyakov [8]
and DeVore, Konyagin, and Temlyakov [7].

The paper is organized as follows. In Section 2, we collect information
about the underlying spaces. Further, to prepare those estimates as in (1),
we investigate the approximation power of certain interpolation processes
in the univariate situation. This can be found in Section 3. Finally, Section
4 deals with interpolation on sparse grids.

2. PERIODIC BESOV SPACES
2.1. Besov Spaces on the Torus

Recall some definitions. For our purpose, it will be sufficient to deal
with the one-dimensional situation. Let | <p<c0. As usual, for a natural
number m and fe L,(T), we put

Ot f), = ;}QIIAW L), >0,

where A} denotes an mth order difference with step length h. Let m>s>0
and 1 g <. Then the Besov space B, ,(T) is defined as the set of all 27-
periodic functions in L,(T) such that

1 dt Vg
185 I= 112D+ (|| 1o E) <co

Similarly, the Nikol’skij~-Besov space B, (T} is the set of all 2z-periodic
functions in L,(T) such that

I£1B5.0 (Il = | FILLTY + SUp £ (1,f )p < 0.
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In both cases, different m will lead to equivalent norms. We refer to De Vore
and Lorentz [9], Nikol'skij [15], and Triebel [30] for the basics of theory of
Besov spaces.

2.2. Besov and Sobolev Spaces of Dominating Mixed Smoothness

We restrict ourselves here to the two-dimensional situation. To intro-
duce mixed differences, we need the following modification. For natural
numbers m,, m,, real numbers h,, k,, and fe L,(T), let AR1S(x1, x2) be the
difference of order m, taken in the first variable. Analogously,
A% f(x1, x2) is defined. Finally, we put

ASITOf (x1, x2) = AR (AT (X1, X2).
Further, we use ¢, x,(/) as an abbreviation of the Fourier coefficients of f,
more precisely

1 2r r2rn .
ckx.k:(f)=—3J ‘[ f(xl,xz)e_“klxl kM)dXId)Cz.
an* o Jo
Definition 1. Let 1 <p< o0, 1 <g<00 and s,,5,>0.

(i) Let m, and m, denote natural numbers such that s, <m, and s, <m,.
Then the Besov space of dominating mixed smoothness S';?B(T?) is the set
of all functions fe L,(T?) such that

1 dhl lg
Itszemarii = [ welar Az, )
0 1

! h 1/q
*(f [hi"llAzzazflL,(lr%llrf’,-;’-)

o h /g
+(.[ [ A le(Tz)”]qb@) <o,
0 hl hz

(usual modification if g = c0).
(ii) The Sobolev space (of fractional order) of dominating mixed
smoothness S;"2H(T?) is the set of all functions fe L,(T?), such that

/18 H(T)|

<O,

3 T (N i+ ey e LT

ke kreZ

For a detailed investigation of these classes of functions, we refer to
Amanov [1] and Schmeisser and Triebel [23], cf. also Schmeisser [22]. In
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addition, we refer to the recent monograph by Temlyakov [27], where simi-
lar spaces (but not the same) are investigated.

The mixed smoothness spaces can be seen as tensor products of univari-
ate function spaces

S57B(T%) = B;l(T) ®, B(T)

for g <0, where the index b indicates that we took the completion of the
algebraic tensor product B;,(T)® B;%(T) with respect to the usual Besov
norm, see Definition 1. For our error estimates, we will need another tensor
product space

B;'eo(T) ®a, Byleo (),

where the completion was taken with respect to the p-nuclear norm ¢,, cf.
[13,24] for details. In what follows, we need the properties:

SSEBTY = SiBOD) = SIEBTY i gosay,
S5BTY) = CTY if min(s,, 52) <~
P

cf. [23, Chap. 2.4] and
SoHTY,  SYPB(TY) = Bio(T) Ba, Bin(T) = SEZBTY.  (3)
Further, we need
L(T) B, Ly(T) = LT,

cf. [13, Cor. 1.5.2]. The advantage of the tensor product approach using
the p-nuclear norms consists in the following. Suppose P, Qe AA(C(T)) and
define

(POO)(f(x1) B g(x2)) = P(f)x1) ® Qg)(x2)

for all f, ge C(T'). Moreover, we assume s,,5,> 1/p, Pe A(B;'w(T), L,(T))
and Qe A(B; (1), L,(T)). Then, due to the uniformity of the p-nuclear
norms, the restriction of P® Q to B, (T) ®a, B;%(T) belongs to

ABwo(T) B, Brio(T), L(T?)
and

(P ® Q)| L(T*)| < AlIPLAB; 1 (T), LT

* 1] Z(Byieo (T), LTI 1] B (T) B, Brieo (I (4)

with some constant C independent of P, Q and ke B;'o(T) ®., B;2o(T), cf.
[13,24].
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3. INTERPOLATION ON EQUIDISTANT GRIDS

We are interested in chains of interpolation operators. For technical
reasons, we will be restricted to those that are induced by interpolation
processes on the real line. We shall start with recalling some well known
results of Ries and Stens [20] for approximation by sampling sums in the
supremum norm. Then we investigate the case 1 <p < 0. In a final step, we
use complex interpolation of Besov spaces to weaken the restrictions under
which we have derived our estimates for 1 <p<o0.

3.1. Preliminaries

Let N be a natural number and denote by Jy={keZ:-N/2<k<
N/2} a related set of indices. Further

[ T Mee™ keC}

keJy

denotes a corresponding set of trigonometric polynomials. The discrete
Fourier coefficients of a continuous function f are given by

2rl
cl)‘v’(j‘) E 2 f( ) RukllN’ kEJN.
leJy

Discrete Fourier coefficients ci (/) and Fourier coefficients ¢, (f) of a func-
tion f are connected by aliasing

Cﬁ(f) = 2 Ck+lN(f),
leZ

as long as f belongs to the Wiener algebra o/(T) of functions having an
absolutely summable Fourier series. We shall consider interpolation on
equidistant grids of type .7 = {2mk/N:keJy}. The continuous and 2r-
periodic function A} is called a fundamental interpolant for .7 if

A(an) [1 ifk=0,
MN ) Lo ifk=0, keldy.

The associated interpolation operator Iy is defined as

Lf ()= ‘zJNf(z"")AN(x-g—j’\f,’f). 5)
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The Fourier coefficients of Iy f can be easily computed as
eelInf) = Nei (N)ex(AR) = New(AR) 21 e+ n(f) (6)
le

as long as fe.o/(T). Finally, we denote the Nth Fourier partial sum by
Swf(x)= kZ a(fe™, NeN,  feL(T).

ey

3.2. The Error of Approximation in the Supremum Norm

On the real line, there is a well-developed theory of so-called quasi-
interpolation. Then, given some basic function ¢, the rate of convergence of

S(x) - kEZ e ()Ohx - k) | LR)|,  h—0, Ar>0,

can be determined in dependence of the local reproduction of polynomials
by ¥, .z (1, k)¢(x —k). Here e, are appropriate functionals (cf. DeVore
and Lorentz [9, Chap. 13.7] and Jia and Lei [12] for details). Until now,
there seems to be no complete periodic counterpart. However, if we consider
approximation in ||-|C(T)||, then simple arguments allow a transformation
of estimates obtained in the nonperiodic situation to the periodic one.

Let A: R—R be a continuous function such that

AQnk) = 50.!:: keZ, (7)
Y |A(x-2mk)|  converges uniformly on [0, 27]. 8
keZ

The second assumption guarantees Ae L,(R) and hence, the Fourier trans-
form of A

(FAE) = % j e A(x) dx

is a continuous function on R. Hence, the following definition makes sense

AR = ¥ A(Nx-20mN), NeN, xeT. ©)

I=-0

Some simple properties are collected in the following lemma.

Lemma 1. Let A be a continuous function satisfying (7) and (8).

(i) The function A} defines a 2z-periodic continuous fundamental
interpolant, i.e.,

<[ 2kn
AN(‘&,"):EO.&, keJy.
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Its Fourier series is given by

1 ® k
—_— A?A - lkx‘
N“27L’k—_§m (N)e

(il) We have the equivalence of

S Alx-2rh)=1, xeT, (10)
= -0
and
FAK) =280, kel (11)
(iii) If A satisfies a refinement equation
11\(5) = Y hA(c+27k),  xeR, (12)
2 2 keZ

with the mask {/;},.z€ /), then

woi( ® 2k
AM(x)=2 2 ( 3 hk+2rN)A;‘N (X + —)
k=0 r=-—-0 2N

Proof. Continuity of A} becomes a consequence of (8). Also, the
interpolation conditions can be derived from this requirement taking into
account (7). The calculation of the Fourier series is elementary. Part (ii) is
taken from Ries and Stens [20]. Finally, (iii) is again elementary. a

The absolute moment of order o >0 of A is given by
ma(A)= sup 3 |x—2mk|*|A(x —27k)|.
0<x<2r ke

Proposition 1. Let A: R —»R be a continuous function satisfying (7), (8)
and (11). Let Ay and Iy be the associated fundamental interpolant and
interpolation operator, respectively.

(i) We assume m,(A) < oo for some 0 <@ < 1. Let 0<s < . Then there
exists a constant C (independent of N) such that

£ = Inf 1M < CN7|| f|Bo.o (T (13
holds for all fe B, o(T).

(i) We assume m(A)< o and (FA)V(k)=0,j=1,2,...,r—1, keZ,
for some reN. Let 0<s<r. Then (13) holds.
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Proof. Employing periodicity of the interpolated function and Lemma

1, we obtain
o5l )

N-

S -Inf(x)= ¥

1
k=0

= :2: (f(x) - f(gj—’;ﬁ)) ,:Z; A(Nx - 27k — 2mIN)

=3 (f(x) - f(%m—)) AWNx - 27m).
Hence, the periodic situation can be traced back to the nonperiodic one; for
this, see Ries and Stens [20]. a

Remark 1. As we stated before, Proposition 1 has been proved by Ries
and Stens [20] in the nonperiodic case.

3.3. The Error of Approximation in the L, Norm

We consider functions fe B, «(T)N.(T). Our approach is based on
Fourier multiplier assertions and this requires additional restrictions com-
pared with the preceding subsection.

In what follows, we shall need, from time to time, a smooth cut-off
function. To this end, let y be a C*-function defined on the real line such
that w(x) =1 if |x| <1 and yw(x) =0 if |x] 22.

Proposition 2. Let A: R—R be a continuous function satisfying (7) and
(8). Moreover, we assume

J_: f‘{w(é)lél‘“(l —ZE—?)}(@ dw< o, a14)
sl

i

for some o >0 and B =0.

4 "’{W(é)lﬂ"’f A+ 1)}(W) dw< 0, (13)

5 {(1 - yENIEP FAG- 1)}(W) dw< 0 (16)

Let AR (cf. (9)) and Iy (cf. (5)) be the associated fundamental inter-
polants and interpolation operator, respectively. Let 0<s<a, f <s and let
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1<p<o0. Then there exists a constant C (independent of N) such that
Lf = Inf1 L)l < CN|| £1B;. ()] an
holds for all fe B, »(T)N . (T).

Remark 2. In case p =2, one can greatly simplify the conditions on A.
One can even avoid taking the long way around the nonperiodic case. All
conditions can be formulated in terms of the Fourier coefficients of the
periodic fundamental interpolant Ay (cf. Brumme [4] or Péplau and
Sprengel {18]).

We subdivide the proof of (17) into two lemmata. In the first one, we
investigate the error for trigonometric polynomials taken from Ty .

We have to consider sums of the type Y ez m=o0 am fairly often. In such
situation, we simply write 3, o am.

Lemma 2. Let A:R—R be a function satisfying (7), (8), (14) and (15).
Let 0<s<a and 1 <p< oo, Then there exists a constant C (independent of
N) such that

Lf = In S1 L(T)l| < CN~| f 1 By (T)| (18)
holds for all fe Tn.

Proof. We shall employ the following Fourier analytical characteriz-
ation of Nikol’skij-Besov spaces. We put

p3 alf)e tex

2 <k <2/

1A1B D =leol N+ sup 2% ()

L,m| .

Then fe B; (T) if, and only if, fe L(T) and || f1B; - (T)||* < 0. Moreover,
[I'1Bs.(T)||* yields an equivalent norm (cf. e.g. {23, Chap. 3.7.2)).
Our assumption fe Ty together with Lemma 1 and (6) yield

Sx)=Iyf(x)= E [c... N-N ,21 c,..m(f)cm(A:’G)} em

m = -0

- gl ezl )

L5 M (e
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The two parts of the sum we denote by

m

Re= 3 [cmm—Ncm(f)ﬁ.m (%)MN) o

Fx)= Y ¥ = ;A(N>cm+lN(f) e™.

m=0 (=0 V27T

Next, we employ that the function

M) = w(é/N)féf‘“< i -Z%%N))

is continuous in R\ {0} and has an absolutely integrable Fourier transform.
Hence, interpreting F, as a convolution (cf. {23, Chap. 3.3.4, formula (2)]),

ong a2

J (F "M(y))( S, em(Nlm|* ™" ”)dy‘Lp(W )“

1| LT =

)

\2m

S% f_mlf""M(y)ldy I cn(Nlml” ™ ,,ar)". @0)

Observe, that the homogeneity of the Fourier transform implies

[ temsontar= [ | & Jare (1- A8 |

=N f 7“{v(¢)|¢r°‘( z Vg—@)}( )}dy
=N, @1)

where C is a positive number independent of N. It remains to estimate
[ Z o €m (Il € |L,(T)||. Suppose 2"< N<27*". We find

T cm(Nlm|* e L(T) Z am(Nlm*e™

m#=0 2’5|m]<2"'

o0

N sN“* i

1=0

Lpﬂr)“

SCN®Y 2

=0

I am()e™

2’S|m|<1“'

Lpar)“

SClf B (DN E 2

<Gl f1Br (TN, (22)
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where we used the Fourier multiplier assertion

SN2l e
21 < lml < 21+ !

LMisG

T am(fNe™

o <pm] < 2!

L,,mn.

Here C; can be estimated as follows

Cr sclllg*uOiw2 (R,

where y:R—R is a smooth function satisfying y(£)=1 if 1<£<2 and
x(&) =0 if || <3 (cf. Schmeisser and Triebel [23, Chap. 3.3.4]). Hence, C, is
bounded independent of /. Consequently, C, becomes a constant indepen-
dent of N. Plugging this into (20) and taking into account (21), then (18)
follows with F, instead of f— Iy f.

We shall derive an estimate of F,. We put

Mi(€)= IV(1+ A%)[éj +IN™FA (-1%)
In a similar way as above, we obtain

1F2| L (D)l

<

YT cmm(f)yA(f) e

meZ lw0 N

L,m“

s

10

J (F MK y))( zz Cmsin()m +IN|* e"""*’”’""”) dy ‘ L,,(‘I]')"

-0

<3 f |7~ My( )| dy L,,(F)“.

1#0 J-oo

T em(N)ml* ™
imeZ

The same arguments as used in case of F, can be applied to finish the esti-
mate of F, (here one has to apply (15)) ending up with (18) but with F,
instead of f—Iyf. a

Remark 3. With some additional effort [one has to use a different
equivalent norm in B, . (T)], one can extend the validity of above lemma to
p=1land p=o0.

Lemma 3. Let A:R—R satisfy (7), (8) and (16). Let B<s and let
1 <p<co. Then there exists a constant C (independent of N) such that

M (f = SvNILLT )| < CN* || /1B; (Tl (23)
holds for all f€ B, »(T)Nu(T).
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In the proof of this lemma, we will also need Sobolev spaces H,(T) of
fractional order on the torus equipped with the norm

IO =] 5, 0 + ke e

L,,ar)ﬂ.

Proof. By assumption, f is continuous and has absolutely summing
Fourier coefficients. Thus, we may apply (6), as well. Similar to the proof
of the preceding lemma, we derive

Iy(f= Snf)x)
S (R MR I

leZ m =~ N

This yields
[In(f= Sn )|

(oo

£ |(1-v(22 42 mntr- $up7 (2o

m=-

<2

leZ

Employing that the functions
M(&)= (1 - w(z £ + 21))|.§ +IN[PFA (5)
N N

are continuous in R and have integrable Fourier transforms, we obtain

(= SuNILLTH
sl‘zz L@zcmm(f‘ Suf)(l - w(2£+ 21))5—,\ (%) glm+ 1N

L)

<2

leZ

j f_IMJ(.V)( Y Cman(f=Snf)lm+INP e«m”m(x-y)) d)”Lp(-“-)”

meZ

<7 f | M) dy

laZ

Zz Cm+n(f = Sn)lm+ INPP gt 0

L)

Suzz _L, L M) dy| - SufIHFCD. 4
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The homogeneity of the Fourier transform leads to

J | M p)| dy

=N"* J, |F7H( - w@E+ 206+ I F AN ») dy

vl

=N J |71 - yQONE™F MG - DY)l dy. 25)

~c0
In case s> f and g arbitrary, one knows

LS = Snf | BELDll < CNP || £1B; (T,

where BP,(T) denotes a Besov space (cf. e.g. Pietsch [17]). Because of
B2 (T)~> HA(T), g <min(p, 2) (cf. e.g. [23, Chap. 3.5.4]), this yields

= SnAH (Dl < CNP =7 £1B; (Tl (26)
where again the constant C does not depend on N and /. By inserting this
inequality into (24), taking into acount (25), then (23) follows. O

Remark 4. Again, one could try to extend the lemma to values p=1
and p = 0. However, then the approximation properties of the partial sums
Syf are no longer sufficient. Replacing Sy f by the following de la Vallée
Poussin type means

Vufx)= kZz yk/N)ei(f)e*,  NeN, feD'(T),

one can prove

v (= Vi LDl < CN|| £1B3 (T
alsoif p=1orp=o00.
Proof of Proposition 2. This can be done in one line now. Lemmata 2
and 3 and (26) (applied with = 0) yield
If = Inf LT < 1S =SS LTI+ |Shf = In(SwHILT)|
+{[In(f = S NHIL (|
< CN™ f1B;.(T)|l.

The proof is complete. (]
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Remark 5. We compare the conditions of Propositions 1 and 2.

Because of
weeer=(1 - 222 <[ o {weerar (1 - 252 o]
FAE+D}(w) dw,

WEIE™ 7 AE+ )| < f

-1

we see that in case & > 1, the conditions in Proposition | are satisfied if in
addition m,(A)<co. In particular, if (14) and (15) are satisfied for some
a >0, then (11) holds. Further, if .# A is (r—1)-times differentiable in a
neighborhood of the integers, then we may apply Proposition 1(ii) as long
as a>r—1 and m(A)< oo,

Remark 6. We add a second observation. The inequality

I =y &+ D)E+IPFAE)
< [ L (L~ W&+ DIE+ 25 AE)} W) v,

evaluated in point £ = 0 and summed up over /, shows that B must be strictly
larger than 1 in any case.

Remark 7. Recall, if X is a Banach space and W a subspace of X, then
the linear N-width is defined as

Av(W,X)= inf _sup||f-AfiX],
LyeLiny(X) fe W
Ae (X,Ly)

where the infimum is taken over all subspaces Ly of X of finite dimen-
sion < N and all linear operators A from X to Ly. Here we are interested in
X=L,(T) and W the unit ball in the Nikol’skij~Besov space B; . (T),
denoted by B,(T). If >0, then

An(B(T), L(T)~N" @n

(cf. Lorentz, von Golitschek and Makovoz [14, Theorem 14.3.8]). In this
sense, approximation with those interpolation operators I is nearly optimal
(nearly optimal means the order of approximation is correct but may be not
the constants). More details about widths may be found in Lorentz, von
Golitschek, and Makovoz [14] and Tichomirov [28].
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Remark 8. The conditions of Proposition 2 can be simplified by means
of Szasz’ theorem (cf. e.g. Jawerth [10] or [23, Proposition 1.7.5]). It holds
that

j L7 o)l aw < CICL+ |8 7S @ILl

Here the right-hand side represents the norm of f in the fractional order
Sobolev space H,”(R), which coincides with the Besov space B,Z(R)
(equivalent norms).

As it turns out, if s> 1, then Proposition 2 will be sufficient for our
purposes. In case s< 1, we add the following observation. In the proof of
Proposition 2, we applied the most simple convolution inequality. Thus our
philosophy is as follows. If p is approaching 1 or o, then the quality of
the estimates stated in Proposition 2 becomes better. Hence, interpolating
between spaces with p close to 1 (here we apply Proposition 2) and the
spaces C(T) and B (T), respectively (here we apply Proposition 1), we
can improve the restrictions on s. We do not formulate a general result. It
will be described in detail during the investigations of some examples which
follow.

3.4. Examples
The conditions in Proposition 2 look rather technical. We shall show
by example that they are not very restrictive.

3.4.1. Periodized B-Splines

The cardinal centralized B-spline . #, of order r is defined as

A(X)=( A _g1)x), xeR, reN.
N et
m-fold
Here . #, denotes the characteristic function of the interval [-1/2,1/2].
Elementary calculations give

T ()= é (Si;f ﬁ)'.

To construct a fundamental interpolant on R, we follow a standard pro-
cedure (cf. e.g. Jetter [11]). The symbol corresponding to ..#, is given by

AE)= Y FH,Q2nE+2nm).

meZ
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We define

7/2,(2756)
AE)

The decay properties of _#,, and the well-known positivity of the symbol
imply that the function A,, is a fundamental interpolant on R.

Because of the well-known exponential decay of A,., periodization
makes sense and we may investigate the periodic fundamental interpolants
AL [cf. (9)]. The function Aj, v is a periodic spline of order 2r and with
nodes 2rk/N.

F Ao () =N ———2 EeR, reN.

Lemma 4. Let reN,

(i) The function A, satisfies (14) with o < 2r.
(ii) The function A,, satisfies (15) with a < 2r.
(i) The function A,, satisfies (16) if > 1.
Proof.

Step 1. We have

(- FAE Tuo FA 2 (20E+ 2mm)

i A3(E)
2r
=1 sin? Kézm-o(l/‘g“'mf )'
A3(E)
The functions
1 2r
Fi@)= yiagy e Wt )
A2 ()
and
Zmio T (Zﬂé + an)

Fy(8) = (1 - y(4)w()

A2(E)

belong to C'(R). Making use of Szazs’ Theorem (cf. Remark 8), and of
assertions on pointwise multipliers in Besov spaces (cf. [30, Chap. 2.8] or
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[21, Chap. 4.7]), it follows that

Ji o fvenere(1-Z Lo O |

<c, “w(é)l&l"’ (l ——%‘é—@’)

< C|IF1 (&) sin” mE|E BRI+ [IF2(OIE | BRI
< GIIRIC® lIw*(E/2)lEsin” =GB IR
+IEIC @I - wEENWE/DIE B (R

< c,(nv(g/z);az' °| Bz"f(m"ﬂ"’@/ 2’(sm f)

+la —w(8§))w(§/2)l§|“’\Bz‘.’1’(R)ll). )

B (R)

l

The membership of power-type functions in Besov spaces is well known (cf.
e.g. [21, Chap. 2.3.1]). As a consequence, the right-hand side in (28) is finite
as long as o <2r.

Step 2. To prove (ii), we shall employ

])w(&/z) BY®)

e =ar

with C, independent of ], |/| = 5. Hence, as above we conclude

IllZsJ L7 HWEIE™F Axr(§+ DY W) dw

sc: 3 [P sirfviaier - (—‘%,’:‘—5)2' 55®)
< Gillw(E/DIE | BLRR)| (S‘“gé) lC"R)“‘ 29

It remains to observe the finiteness of the summands in (15) with |/[<5.
That can be done, as in Step 1, by isolating the singularities of |£™* and
|&+ 117, respectively.
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Step 3. In a similar way as above, we derive
Py f: L7~ wQRENIE™ F Aar (E— D} (w)] dw
<G 3 10 vENE™ 7 Aa § - DIBT R
< Gll(#:E)"[C'®)| L lla- VRONE? a2 - D) BER)]

G (1 = w@EN|E ™ Fato, 2m(E - D) 3 (R,

where we have used the embedding W;(R) — B,'(R). First, notice the norm
in case /=0 is finite. Let /> 0. Observe

[. : &7 |. T2 2m(E ~ D) dE
) [:/:'él—m’f/ w2m(E - 1) dE
[l ame -
+ LZ &2 | a0, 2m(E - D)2

=9 172
<C (1"" J | gt + 7% L | T2, 2mE)? dé) (30
172

<GB+ ™),
By 2obvious modifications, we obtain the same estimate for the integral
... d¢ and, of course, also if /<0. Next, we consider

55-(1 —WQENE Tan 2nE-1))

=2y 2E)E P S 2n(§ - 1))

+(~p) sign &(1 - wQEN|E™ ' F 4o, 2m(E - 1))
~ _p [ sin(x(& - 1)))""
#2001 - peagp s (EE D
&= D cos(n(& - D)) - sin(z(§ - 1))
m(é-1?

=T]+T2+T3.
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In order to estimate the L,-norm of this expression, one observes that in case
of the term T, one may proceed exactly as in (30) because ¥’ is vanishing in
a neighborhood of the origin. The estimate of 7, can also be done as there
(only B has to be replaced by f+1). What concerns 75, then the result
follows from the boundedness of

(sin(n(é - 1»)2’“ (&= 1) cos(m(€ — 1)) — sin(n(é — 1))
nE-1) nE~1y

in the neighborhood of / and the decay properties which are the same as of
F#>(27(E~1)). If min(B, 2r) > 1, then this yields the finiteness of (16). O

Corollary 1. Let reN, 1 <p < o, and suppose
1
-<s§<2r. 31)
p

Let I% be the interpolation operator induced by A,. Then periodic spline
interpolation has the following properties: for all fe B; (T), it holds

Lf = 1R AALLT)I| < CN7*|| £1B;. (T, (32)

where C denotes a constant independent of N and f; vice versa, if fe C(T)
satisfies

sup Nl = B AL < o0,

then f belongs to B, .(T).

Proof.

Step 1. We shall prove (32). By the above lemma, Proposition 2 yields

the result as long as 1 <s<2r, because of B; «(T) = (T) under this con-
dition. It remains to investigate 1/p<s<1. Let 1 <po<2. Then (31) implies
B33 (T ) <> BlZ(T) = s(T). Hence, if p, is close to 1, then Proposition 2
and Lemma 4 prove (32) as long as 1/p, < 1 <s,<2r. If p) = 00, Proposition
1(ii) can be applied as long as 0< s, <2r — 1, r> 1. If r = 1, then Proposition
1(i) can be applied for 0 <s, < 1. Now we proceed by complex interpolation.
To this end, let 1 <p <00 and let s be as in (31). Then there exists some ©,
0<O<1, po>1, 1 <50<2r, and 0<s, <2r such that

_1-©
Do

and S=(l*®)30+$|.

oo
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Complex interpolation yields
BRw(T), bbo(@le =bpa(T)  and  [Lyo(T), Lo(Tle = Ly(T),
(cf. e.g. Triebel [29, Chap. 1.18.1, 1.18.4, 2.4.1]). Here &, »(T) denotes the
closure of the set of trigonometric polynomials in Bp . (T). This leads to
(& = 10| £B5.0(T), LT
<|I(E~ BB, (T), LMW' ~E — 1) (5%,00(T), Lo (T)[°
Consequently,
/= I3 A1 LDl < CN71| £1B5.0 (| (33)

for all fe b}, (T). Hence, the above inequality is true at least for all poly-
nomials /. Replacing f'in (33) by its Fourier partial sum S, f, we find

(1S f = B Sac fILT)|| < CN||Saaf|Bero (D] < C:N | 185, (T

On the left-hand side, we have a convergent sequence (with respect to M).
This may be seen as follows. Because of fe B31°(T) we may apply (33) with
s =8> 1/p (if & is sufficiently small) and end up with

1S4, = St /= T (Sae. S = S NILATI
SCN™**Su S~ Sanf1B;T°(T)ll <€
if My, M, are large enough. This proves (33) for all fe B, (T).
@n Step 2. The second statement of the corollary is a consequence of
7. a

Remark 9. Results as stated in the Corollary 1 are not new (cf. e.g.
Oswald [16]).

3.4.2. de la Vallée Poussin Means
Let 0 <A <1/2 be fixed. We put
o) =2 sin x sin Ax
e Ax?
This implies
1 if |l <3-2,
Fa)=V2m{(1/20)+A-&)  if;-A<|g<}+a,
0 if3+2A<|g,
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Some calculations yield

2
Almx)=—

N Kina2-mNsT<(2+ )N

Dy(x),

where D, denotes the Dirichlet kernel of order / and K, y the number of
summands in ¥, ;v <i<qzenyve PTOPOsition 1 iilipplicable for all s.

Moreover, because of the fact that_s ¢, is identical V27 in a neighborhood
of the origin the singularity of |£[™® does not enter the picture, so (14) is
finite for all & > 0. Finally, the compactness of the support of .# y, and its
weak singularities in -1/2 -4, -1/2+14, 1/2 -4, 1/2+ A yield the finiteness
of (16) for all B>1. Complementing Propositions 1 and 2 by complex
interpolation (as in proof of Corollary 1), we end up with the following.

Corollary 2. Let 0<A<1/2. Let 1 <p<oo and suppose s> 1/p. Let
I% be the periodic interpolation operator induced by A% y. Then: for all
Jf€ B, (T), it holds that

=I5 AL < CN| £ 1B o (Dl

where C denotes a constant independent of N and f; vice versa, if fe C(T)
satisfies

sup N°||f = I f|Ly(T)| < oo,
NeN

then f belongs to B, (T).

4. Interpolation on Sparse Grids
4.1. Preliminaries

For this, we need some preparations. By F, we denote always the ident-
ity (even on different spaces without indicating this). First, we introduce the
parameter-dependent extension of our interpolation operators. We put

R N
IKf(x’y)—[sz_]Kf( K,)’)AK(X K)’

]
Bf)= 3 f(x, %’”)AN (y —91).

What is important for us are the following identities

x=UxQE)f, and Ivf=(E®Iy)f, [feCM)QCT).
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4.2. Interpolation on Sparse Grids

We follow Delvos and Schempp [6]. A sequence of projections
{P;}7% is called a chain if P,commutates with P,., and P;.\P;= P;P;, =
P, holds for all j. The interpolation operators Iy, considered on C(T), form
a chain if the range spaces satisfy the inclusion relation

RUyyc.#(y), N<M, (34)
and if .Yy C.%x, N <M. The second condition will be always satisfied if we
concentrate on a sequence N,=d2/ for some natural number d. The first
condition has to be checked separately in each example.

Now, having a chain Iy, jeN, of interpolation operators, then the par-
ameter dependent extensions I, and I}, also form chains. The Boolean
sum of order j is defined as

J J J-1
Bi= @ INI,.,= ¥ InIh,— % ININ,, .,
r=0 r=0 r=0

Then B; form a chain (cf. Baszenski and Delvos [3] or Delvos and Schempp
f6, Prop. 1.3.17). They have range space
J
RB)= T RUn)®H(y,.,)

r=0

and satisfy the interpolation conditions with respect to the sparse grid
i
T(B)= Uo.‘y;,,xij,_,.
i~

The total number of knots in this grid is equal to d*(j2 ™' +2/) and is much
less than the number of knots d°2¥ in the full grid .7y, X .7, . Finally, the
remainder operator E — B; has the representation

J
E-By=(E-In)+(E-I}) - X (E-IRNE-I},.,)
r=0
j-1

+ §0 (E-INXE-T%,.,.\)s (35)

(cf. [6, Prop. 1.4.2]).
Now we are ready to formulate the main result of this paper.

Theorem 1. Suppose that Iy, jeN, form a chain and satisfy
555’ Nl = In, FIL (|| < Cell f1Bg (D] (36)

with some constants C, independent of f and for some fixed sy, 5, p such
that 1 <p< oo and min(s,,s;) > 1/p.
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Then, in case s; = s, =5, we find

I.f = Bif \L, (T < CG+ DN || £1B7.00 (T B, By co (T, (37
whereas, in case §,#s,, it holds that

ILf = BfIL T < CN; ™12 £B31(T) R, By (T))|. (38)
In both situations C denotes a constant independent on j and £,

Proof. We employ (35) and split the error into

17~ BAAL N SIS~ T FILT + L~ B, AT
+ 5 IE-T)E =y, )L,

+3 NE=B)E =i ML) 39
By means of E— Iy =(E—Ix)®E and (4), we have
/=23, A \Lo(TH)]| < CIE ~ Iy | A(B3teo (D), LT IE| (B2 (T), LT Y|

* || f18510 (T ) ®0ar, By (T (40)

Next we use
(E-INE-TI},.,) = (E-IN)REXE®(E-1Iy,_,))
=(E-In)®E~1In,_,).
Analogously to (40), we derive
I = I )E - I, ) FIL(T?)]
S CllE - In | #(Boieo(T), LAANNNE - I, |#(B7eo(T), Ly(T))|

X | f1B7o(T) Box, Breo (Tl 41)
Inserting (36) into (40) and into (41) and making use of the obtained esti-
mates in (39), the desired result then follows. ]

Remark 10. We do not know more explicit characterizations of the
space Bylw(T)®,,B;%(T) as it would be desirable from Theorem 1. How-
ever, (3) gives at least some information about.

Remark 11, Most results of the type of Theorem 1 are either given for
function spaces of continuous functions, e.g. [2], or in case that the con-
sidered function spaces are Hilbert spaces, e.g. [5,6]. In both cases, the
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choice of a uniform tensor norm is more or less natural. For more general
function spaces, this is not clear at all. Theorem | extends some earlier
results of the second named author [18,26]). There the fractional order
Sobolev spaces S;:H(T *) appear instead of Bjlw (T)®q, Bz (T) [ef. (3)] for
a comparison. However, we do not know about optimality of Theorem 1.
In view of our method, it would be desirable to enlarge the tensor product
space Bylo(T) ®a, By%(T) by switching from the p-nuclear norm to a more
appropriate but still uniform one.

4.3. Examples
4.3.1. Periodized B-Splines

First, we have to check whether the corresponding sequences 7, form
a chain. But this is clear from the nestedness of the underlying sets of the
spline nodes (which equal the interpolation knots . 7, here). Now, Theorem
1 together with Corollary 1 yields the following.

Theorem 2. Let reN, 1 <p<co, and suppose
1
—<8y, 8 <2r.
p

Let Iy be the interpolation operator induced by A,,. The corresponding
Boolean sum of order j we denote by B . Then periodic spline interpolation
on the sparse grids .7 (B;}") satisfies

Ny™inersd  if g8y,

=B} fIL, (M| < C||f]Bjico (T) ®a, Biko [
”f /fl (T)”S ”f| P> (T) 'p P (-ﬂ-)n (}+1)Nj—: ifS[=Sz=S,

where C denotes a constant independent of j and f.

4.3.2. de la Vallée Poussin Means

In case of the de la Vallée Poussin means, the chain condition (34) is,
in general, violated. Lemma 1(iii) offers a simple possibility to obtain a
sufficient condition to guarantee (34). To this end, we investigate the
refinement equation (12) in the Fourier image:

FAQE)= (kzz hy e"”‘*")m\(g), EeR.
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In our particular situation, it is obvious that if A <1/6, then

28 = 528 o (E) = (Ez e e‘”‘*‘)fm(é)

holds, where

1
by = f T (28) €75 dE.

[}

The 1-periodic extension of .# ¢,(2&) is a Lipschitz function. Hence, its
Fourier coefficients are absolutely summable. Thus we may apply Lemma
1. Thus, Corollary 2 and Theorem 1 guarantee the following.

Theorem 3. Let 1 <p<co and suppose 1/p<s;,s,. Let 0<A <1/6. Let
I be interpolation operator associated to ¢, and denote by B} its Boolean
sum of order j. Then we have

N/-min(:,,s,) if §1#8,,
(J+ DN ifsy=s,=s,

where C denotes a constant independent of j and f.

1= B AL, < Il 1Bt (T) B, BT [

Remark 12. Investigations of periodic fundamental interpolants of de
la Vallée Poussin type have been made in a multiresolution setting by Prestin
and Selig [19].
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